Let M be a compact %P manifold with a codimension one foliation 9. We will assume throughout that 5 is transversely oriented (a situation which can always be obtained by passing to a two-fold covering space of M) and that s is of class V2 in the sense of [4]. We will also be assuming that the individual leaves of 9 are immersed submanifolds of class g3 (which is the case for example if the subbundle of the tangent bundle of M which is tangent to F is of class VP). When this extra condition obtains we say that g is of class ??a+. By a minimal set of 9 we shall mean a nonempty set A' CM which is minimal with respect to the following two conditions: (i) A! is a union of leaves of St, and (ii) &Z is a closed subset of M.
Let M be a compact %P manifold with a codimension one foliation 9. We will assume throughout that 5 is transversely oriented (a situation which can always be obtained by passing to a two-fold covering space of M) and that s is of class V2 in the sense of [4] . We will also be assuming that the individual leaves of 9 are immersed submanifolds of class g3 (which is the case for example if the subbundle of the tangent bundle of M which is tangent to F is of class VP). When this extra condition obtains we say that g is of class ??a+. By a minimal set of 9 we shall mean a nonempty set A' CM which is minimal with respect to the following two conditions: (i) A! is a union of leaves of St, and (ii) &Z is a closed subset of M.
It is well-known that a minimal set can be of three types:
(1) all of M, (2) a single compact leaf of F, (3) an exceptional minimal set, i.e., a nowhere dense set which is not a compact leaf.
Denjoy (see, e.g., [5] ) showed that exceptional minimal sets could not exist for 'P codimension one foliations of the 2-torus. In [17] , Reeb proved analogs of Denjoy's theorem for foliations of T2 x [0, l] transverse to the [0, l] factor and conjectured that exceptional minimal sets could not exist in V?a codimension one foliations but Sacksteder [20] gave a counterexample to this conjecture. The example was a foliation of M, x S (M, = compact oriented surface of genus 2) transverse to the 9 factor. In this paper we will try to put these earlier results and examples in some perspective. In particular, is bounded. In general, however, it seems that the growth function is not related in any obvious way with the homotopy type of the leaf.
4. The growth function of a Riemannian manifold is related to its curvature [9, 231.
Another type of growth function which we will have occasion to consider is the following. Suppose r is a finitely generated (discrete) group and let 3/1 Y...> Yk be a finite set of generators. Each element of .P can be written as a word in the yi's. For y E r let m(r) denote the minimum length of such a word (with respect to the generating set yr ,..., rk).
DEFINITION.
The growth function of r, g: Z+ + Z+ is defined as follows:
If n E H+, g(n) is the number of distinct elements y E r such that m(r) < n.
Remarks.
(1) As above we define polynomial growth and exponential growth. The growth function depends on the generating set which is chosen but its type (polynomial or exponential) does not. Thus, these growth types are invariants of the group r.
(2) (See [23] .) Finitely generated nilpotent groups have polynomial growth. There exist solvable groups having either type of growth. Free groups, which are at the other extreme, clearly have exponential growth whenever the generating set contains more than one element.
We recall the following result which relates the two concepts of growth indicated above. PROPOSITION 1.1. Let M be a compact Riemannian manifold (with a fixed base point) and i'l? its universal covering space (with induced metric). Then r,(M) has the same type of growth (polynomial of degree n or exponential) as iI?.
Proof.
The proof of this result is not difficult and may be found in [15] . (Note, however, that the terminology used in [15] differs somewhat from that of the present paper.)
We are now in a position to state the main results. [w) # 0. In particular, if 3 is also transversely oriented then S is determined by a continuous nowhere vanishing closed one form and M itself fibers over 9.
The conclusion of (1.5) implies, in particular, that all of the leaves of an oriented F are diffeomorphic. Thus, we have the following somewhat curious result. COROLLARY 1.6. Let 9 be an oriented codimension one foliation of class W+ of a compact manifold and assume that 9 has no compact leaves. If there exist two leaves of 9 which are not dazeomorphic then some leaf of F must have exponential growth.
PROOF OF THE MAIN RESULT
Essentially, the proof of (1.2) involves combining the PoincarbBendixson theorem as proved in [16] together with results of Moussu and Sacksteder. We begin with a definition and a technical result which shows where our smoothness assumption originates. Let DR(x) be a disk of radius R about x in some Riemannian manifold. A point z, contained in the topological boundary of D&) is called a regular point if there exists a coordinate neighborhood U containing a, and a chart map 9: U -+ UP such that and for any point z E U which is in the topological boundary of Da(x) we have p(z) E {(Xl ,...) xm) E UP ( x, = O}. Proof. Let 9 denote the set of points X in T,L such that exp, tX is a minimal geodesic from x to exp, tX for t < 1 but not for any t > 1. 9 is the image of the continuous map from an open subset of the unit hypersphere in TJ to TJ which sends X//l X jj to X ([3]) and, hence, we see that 9 is a set of measure zero in TJ. Let d, C T& be the set of points contained in and interior to both 9 and S, where SE = (X E TJ 1 11 X 11 = RI. Clearly exp,(d,) = DR(x) and since exp, is 9 and the topological boundary of d, has measure zero the integral of any form over DR(x) is equal to the integral over d, of its pullback via exp, . By Fubini's theorem 5? n S, has measure zero in S, for almost all R and for such R Stokes' theorem is (14A) (see also 13b) of [22] . Th is p roves (1) and the proof of (2) is completely straight forward since the integral of a form over 30,(x) is the integral of its pullback (via exp,) over d, n S, whenever 9 n S, has measure zero in S, . 
Proof.
Suppose the lemma is false. Then there exist sequences (which may be assumed convergent by taking appropriate subsequences) x, + X, R, + co, z, -+ z (xn , .z, E A') such that DR,(x,J does not intersect the <-neighborhood of z, . Thus, for sufficiently large n, DR,(xJ does not intersect the e/2-neighborhood of z. This is impossible, however, since the leafL, is dense in A and any point in L, is the limit of a sequence yn E DR,(xn). This proves the lemma. LEMMA 2.5. Let y be a smoothly embedded closed curve in an orientable manifold and U a neighborhood of y. Then there exists a smooth volume preserving jlow having y as a closed orbit and whose tangent vector$eld has support contained in U.
First consider the case y = S x (0) C S x D". Let 6, x1 ,..., x, denote the coordinates.
If f: S x D" --+ [w is independent of 6 then the vector field f (a/%) preserves the volume element di3 A dx, A ... A dx, . Choose f so that f > 0, f 1 y > 0, and f = 0 in a neighborhood of the boundary of 9 x Dn. The general case is now accomplished by taking appropriate coordinates for a tubular neighborhood of y and modifying the volume element so that it agrees with the pull-back of d8 A dx, A ... A dx, via the coordinate chart map. DEFINITION. For an oriented codimension one foliation an element of holonomy is said to be contracting if it is conjugate to the restriction to a neighborhood of zero of a map h: [w + [w such that h(0) = 0 and such that for sufficiently small 1 t 1 > 0, we have 1 h(t)1 < I t j.
The following result is due to R. Moussu and is essentially proved in [lo]. THEOREM 2.6. Let L be a non proper leaf in an oriented W codimension one foliation such that L contains an element of contracting holonomy. Then there is a null homologous closed transversal which intersects L.
Let x,, EL be a point and y a smooth loop in L which passes through x,, and represents an element of contracting holonomy h. Let 7 be a transverse segment through x0 and x1 E 7 n L sufficiently close to x,, such that h(x,) is strictly between x,, and xi . By a well-known argument a closed transversal 01 may be constructed which passes through x1 and if x,, and x1 are sufficiently close we may assume that 01 is homotopic to the loop 7y-l where 7 now merely denotes the segment from xi to x,, . Now let p be a path in L from xi to xc . The loop (based at xi) given by @y-lfl-l is homotopic to a commutator in nr(M, x1) and, hence, is null homologous. However, a standard deformation argument shows that c&+-~ can be freely homotoped into a closed transversal.
The following result of Sacksteder is proved in [21].
THEOREM 2.7. Let A be an exceptional minimal set in a V2 codimension one foliation.
Then some leaf in A? has an element of nontrivial linear holonomy.
Remark.
This means, in particular that there is an element of contracting holonomy.
We now define an asymptotic homology class for a leaf which does not have exponential growth in a foliation of class V+. Since we assume M compact of dimension m let q1 ,..., or be closed (m -1) forms on M which determine a basis of H+l(M; R). Now let R, + 03 be a sequence of positive real numbers such that We are now in a position to prove the main result.
Proof of Theorem 1.2. The proof is by contradiction. Let A' be an exceptional minimal set of the foliation and assume that some leaf L of A! does not have exponential growth. By (2.6) and (2.7), L intersects a nullhomologous closed transversal y (in fact, every leaf in A%' will intersect y). Let X be the divergence free vector field constructed in the proof of (2.5) and let 52 be the volume element which is preserved by the X-flow. The form i-JJ is closed (since d&Q = L,Q = 0) and its cohomology class is a multiple of the PoincarC-dual of the homology class of y ([18]) and, hence, must be zero. Let x E y n L and A, E H,,+,(M, R) be the asymptotic homology class defined above. We claim that A,(irO) # 0 which contradicts the fact that iXQ is cohomologous to zero. Let U be a small tubular neighborhood of y. By (2.4) any disk of a fixed sufficiently large radius in a leaf of JH must intersect U and, hence, there exists a p > 0 such that any disk of radius p in &Z cuts through U. This means that the integral of i,Q over a disk of radius p in M always has the same sign and has absolute value greater than some fixed positive number. (2.3) now implies that A,(i,SZ) # 0 and this completes the proof of (1.2).
The above proof actually shows that if a nonproper leaf in a minimal set has an element of contracting holonomy then the leaf has exponential growth (assuming the leaf is an immersed submanifold of class V). This is the case, for example, if the minimal set is all of M and contains a nontrivial element of holonomy. The contraction obtained in this case may only be one sided but the same argument will work (see proof of Theorem 9 of [21]).
LOCALLY FREE LIE GROUP ACTIONS
In this section we consider group actions CD: G x M -+ il2 where G is a Lie group, M is a compact manifold and the isotropy group at each point of M is a discrete subgroup of G. Further, we make the special assumptions that the map @ is of class V2 and that dim M = (dim G) + 1. We assume also that G has a fixed right invariant Riemannian metric. G is said to have polynomial growth if the volume of the disk of radius R about the identity in G is dominated by a polynomial in R. As before this concept (and that of exponential growth) is independent of the (invariant) metric chosen but the specific polynomial does depend on the metric. We also assume that M has a Riemannian metric which agrees on orbits of CD with the metric induced from G. Proof.
If we assume that the group action is of class V3 the result would follow directly from (1.2). To prove the %?a case we merely repeat the proof of (1.2) with some small changes. The asymptotic homology class is in this case defined by where 7 is a closed m -1 form on M (m = dim M), D, is the disk of radius R about the identity of G, j, : G -+ M is defined by jz(g) = @(g, x), and R, -+ 00 is a sequence such that Stokes' theorem is valid on D, and the limit in the above formula exists for a collection of closed m 1 1 forms which determine a basis of Hm-l(M; I% (i) G has either polynomial growth or exponential growth;
(ii) G has polynomial growth s# all the eigenvalues of the adjoint representation ad: 6 --+ gl(B) are imaginary.
Remarks. 1. Jenkins considers the growth of the measure of the sets U" (n = 1, 2, 3,...) w h ere U is a compact neighborhood of the identity in G. It is easily shown, however, that this growth type is the same as that obtained when G is considered as a Riemannian manifold.
2. Note that nilpotent groups have polynomial growth and nonunimodular groups have exponential growth. Solvable groups can have either type of growth. Semisimple groups are either compact or have exponential growth.
(3.1) and (3.2) combine to give the following. Remark. Orbit foliations of locally free Lie group actions have the property that we can assume that the growth function of each leaf is independent of the point chosen in the leaf. In Section 2 we saw that a (sufficiently smooth) leaf having polynomial growth and contained in a minimal set could not have an element of contracting holonomy. The same conclusion can be obtained if we replace the assumption that the leaf is contained in a minimal set with the assumption that the growth function is independent of the point in the leaf. The idea of the proof is to consider a fixed disk and to project nearby (in M) disks of approximately the same radius (and in the same leaf) onto the original disk along the integral curves of a smooth vector field which is transverse to the foliation.
As the disks are chosen larger and closer to the original one their projections wrap around it and we find that the growth function g(t) satisfies where 6 > 0 is some constant. Such a growth function cannot be dominated by a polynomial. One might suppose that the codimension one orbit foliation of a sufficiently smooth Lie group action could not have an exceptional minimal set. To show that this is not the case we give an example of a ?P locally free Lie group action whose (codimension one) orbit foliation contains an exceptional minimal set.
First we recall a basic construction of foliations from discrete group actions [4] . Let r be a finitely generated discrete group and let r x F---f F be a Vr(r 3 1) action where F is a smooth manifold. Also let U be another smooth manifold and suppose there is a VT action P x U + U which is properly discontinuous.
This means, in particular, that U/I' is a VT manifold. Now define an action r x (F x U) + F x U by (y,f, u) -+ (r(f), y(u)). This action is also properly discontinuous and we have a 97:' fibration F -+ (F x U)/r + U/r. Furthermore, the trivial foliation of F x U having leaves diffeomorphic to U is invariant under the action of r and thus induces a foliation 9 of (F x U)/r which is transverse to the fibers. Conversely, a foliation which is transverse to the fibers of a (compact) fibration and such that the leaves have the same dimension as the base may be obtained from such a construction (using an appropriate action rr(B) x F + F where B is the base and F is the fiber). Now let M2 denote the compact orientable 2-dimensional manifold of genus 2. Sacksteder [20] constructs a '%P action rl(M2)
x 9 + 9 which has an exceptional minimal set. Let G denote the universal covering group of SL(2, R). It is wellknown (see, e.g., [I] ) that G has a uniform discrete subgroup r (i.e., G/r is compact) such that there is a surjective group homomorphism 7: r+ Z-,(M,). We define an action r x S + Sr by (y, 8) + y(y)(9), y E r, 6 E 9. This new action has the same exceptional minimal set as the original one. Now define r x (G x 9) + G x S by (x g, 8) -(wl, 7(r)@* 7% is action preserves the trivial codimension one foliation with leaves diffeomorphic to G and this foliation induces a codimension one foliation 9 of (G x Sl)/r having an exceptional minimal set. Furthermore, 9 is the orbit foliation of the action G x (G x Sl)/r + (G x Sl)/r given by left translation.
SOME ERGODIC

PROPERTIES
Suppose we have a %? locally free action @: G x M + M where G has polynomial growth and M is compact and oriented. If @ has no compact orbits then by (3.4) there is a vector field X on M which is transverse to the orbit foliation 9 of @ and such that the one form w on M defined by w(X) = 1, w 1 TF = 0 (TF = tangent bundle of F) is invariant under the action of @. It is well known [21] that the one form w is closed (i.e., for suitable coordinates on M it is locally the differential of a W real valued map). The cohomology class of w is essentially the PoincarC dual of the class A, E H,-r(m R). This is made precise below but first we state the individual ergodic theorem as proved in [2]. Proof.
We sketch the proof which uses the ergodic theorem. Let R, -+ co be a sequence such that the sets (e denotes the identity of G) In this section we consider group actions of the form @: r x Si + Sr where @ is a Vz map and r is a finitely presented discrete group. THEOREM 5.1. If @: r x 9 + S is a V2 group action where P has polynomial growth then @ does not have any exceptional minimal sets.
Proof.
Since r is finitely presented it is the fundamental group of some compact manifold B [8, p. 1431. Letting U be the universal covering space of B and using the construction of Section 3 we obtain a V2 foliation of a compact manifold M which is a circle bundle over B. The proof now is the same as that of (1.2) except that we make a slight change in the definition of the asymptotic homology class. Assume that for the covering U -+ B we have selected a fixed collection of fundamental domains which cover U (each of which has finite diameter and a piecewise smooth boundary). Let A, be the union of all the fundamental domains which intersect D, (in U) and define where 7 is a closed m -1 form on M (m = dim M) and R, --+ cg is a sequence such that A, is well-defined on a collection of closed m -1 forms which generate H+l(M; R). COROLLARY 5.2. Let I' and @ be as in (5.1). If @ has noJinite orbits then @ is topologically conjugate to a group of isometries.
Proof.
The statement is an easy consequence of the arguments used in the proof of Theorem 9 of [21].
FOLIATIONS TRANSVERSE TO CIRCLE BUNDLES
We suppose that M is a compact manifold which is a bundle over another compact manifold B and with fiber S1 and that F is a codimension one foliation which is transverse to the fibers. In this case our results take the following form. The proof is the same as that in the preceeding section. THEOREM 6.1. If 3 is a V2 codimension one foliation which is transverse to the jibers of an S1 bundle over a compact manifold B and if p,(B) has polynomial growth then 9 does not have any exceptional minimal sets.
Remark. Let G be the simply connected Lie group having 0 as Lie algebra. When a > 0, 0 is simple and when a = 0, 0 is solvable, but in either case G has a uniform discrete subgroup r and we consider the foliation g on G/r whose tangent bundle is spanned by the vector fields Y and Z. When G is solvable G/r is a torus bundle over the circle and any loop in a fiber is nullhomologous in G/r [13] . Wh en G is simple, for appropriate r, G/r is a circle bundle over a compact 2-manifold and the fibers are seen to be null-homologous, (for example using the Gysin exact sequence). Thus, in either case, we have examples where there exists a null-homologous closed transversal. Hence, by the Poincare-Bendixson theorem for codimension one foliations any perturbation which is still transverse to the given transversal has no minimal set which (a) intersects the transversal and (b) contains a leaf having nonexponential growth. In the case where G/I' is a bundle with circle fibers, no perturbation which remains transverse to the fibers can have a minimal set containing leaves with polynomial growth (in particular, there will be no compact leaves). Thus, the general closing lemma is not valid. (In [6] , Hirsch actually shows the foliations in question are structurally stable and hence sufficiently small perturbations fail to have compact leaves since the original has none.)
In the above examples, however, we note the leaves of the foliations have exponential growth. The following result may be thought of as a weak closing lemma. PROPOSITION 7.1. Let F be a codimension one foliation of a compact manifold M which is of class GP+. Assume also that the leaves of 9 have polynomial growth. Then either 9 has a compact leaf or there is a foliation VP close to .F which does have a compact leaf.
Proof. Suppose that s has no compact leaves. Then by (1.5) there is a continuous vector field X transverse to F having a continuous flow which takes leaves into leaves. The form which is 1 on X and annihilates vectors tangent to 9 is closed and by a V" small perturbation (among closed nonsingular one forms) as in [14] we may obtain a closed one form with rational periods. The foliation determined by the perturbed form has all its leaves compact [14] and our conclusion follows.
Since the existence of a nonsingular closed one form which is not a multiple of any form with rational periods (on a compact manifold M) implies that rank iF(M; IF!) > 1 the above argument also yields the following. 
